In this paper, we give two family of explicit blowup solution for 3D incompressible NavierStokes equations in R 3 . Here one family of solutions admit the smooth initial data, and the initial data of another family of solutions are not smooth. The energy of those solutions is infinite.
Introduction and main results
The 3D incompressible Navier-Stokes equations describes the motion of ideal incompressible fluid, which takes the following form v t + v · ∇v = −∇P + ν△v, ∇ · v = 0, (1.1) where v(t, x) : [0, T * ) × R 3 → R 3 denotes the 3D velocity field of the fluid, P (t, x) : [0, T * ) × R 3 → R stands for the pressure in the fluid. ν > 0 denotes the kinematic viscosity. The divergence free condition in second equations of (1.1) guarantees the incompressibility of the fluid.
We supplement the 3D incompressible Navier-Stokes equations (1.1) with the initial data
It is easy to check that the functions (2.12) is a solution of 3D solution of incompressible Navier-Stokes equations (1.1). The 3D incompressible Navier-Stokes equations satisfies the energy identity
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• One family of explicit solutions is
where
with the initial data
• Another family of explicit soutions is
with the smooth initial data
(1.5) Remark 1.1. It follows from (1.2) and (1.4) that there is self-smilar singularity in x 3 direction, that is,
for a ∈ R/{0}. Remark 1.2. On one hand, it follows from (1.2) that
for a fixed point x 0 ∈ R 3 . Here one can see the initial data is not smooth from (1.3). On the other hand, it follows from (1.4) that
for a fixed point x 0 ∈ R 3 . Here one can see the initial data is smooth from (1.5). But the initial data goes to infinity as x → ∞.
Hence those two family of blowup solutions (1.2) and (1.4) are not finite energy solutions.
It is well-known that the equation for pressure P is
Hence by (1.7), we can get the pressure P .
Let e r , e θ and e z be the cylindrical coordinate system, 6) where r = x 2 1 + x 2 2 and z = x 3 . Then we can rewrite explicit blowup solutions (1.2) and (1.4) into two axisymmetric blowup solutions. Theorem 1.2. Let T * > 0 be a constant, the kinematic viscosity ν > 0, and e r , e θ , e z are defined in (1.6), r = x 2 1 + x 2 2 and z = x 3 . The 3D incompressible NavierStokes equations (1.1) admits two family of explicit blowup axisymmetric solutions:
• One family of explicit blowup axisymmetric solutions is
where constants a, k ∈ R/{0}.
• Another family of explicit blowup axisymmetric solutions is
where constants a, k ∈ R/{0}. In 1934, Leray [12] showed that the 3D incompressible Navier-Stokes equations admit global-forward-in-time weak solution of the initial value problem. It is not known, however, whether the Leray solutions are unique, or whether the solutions for suitable general smooth initial data remain smooth or blowup [6] . After that, there are many papers concerns with the well-posedness of weak solutions or blowup of solution for this problem. One can see [1, 2, 3, 4, 7, 14, 15, 16, 17] for more details. For the existence of explicit solutions of incompressible fluids, let us note that the first nontrivial example of hidden symmetries connected with reduction of PDEs was found by Kapitanskiy [9, 10] for the Navier-Stokes equations. Constantin [5] found a class of smooth, mean zero initial data for which the solution of 3D Euler equations becomes infinite in finite time, meanwhile, he gave an explicit formulas of solutions for the 3D Euler equations by reducing this equations into a local conservative Riccati system in two-dimensional basic square. Due to space limitations, here we can not list all of interesting results. In this paper, we study the explicit blowup solutions for the incompressible Navier-Stokes equations (1.1).
Proof of Thereom 1.1
We now derive the 3D incompressible Navier-Stokes equations with axisymmetric velocity field in the cylindrical coordinate. The 3D velocity field v(t, x) is called axisymmetric if it can be written as
where v r , v θ and v z do not depend on the θ coordinate. Thus in the cylindrical coordinates, the 3D Navier-Stokes equations (1.1) with axisymmetric velocity field can be reduced into a system as follows 9) where the radial and angular velocity fields v r and v θ are recovered from φ θ based on the Biot-Savart law
The incompressibility condition becomes
The following result gives two family of explict self-similar blowup solutions for system (2.9)-(2.10) with the incompressibility condition (2.11).
Proposition 2.1. Let T * > 0 be a constant and ν > 0. System (2.9)-(2.10) with the incompressibility condition (2.11) admits two family of explicit solutions
Since the angular components v θ (t, r, z), ω θ (t, r, z) and φ θ (t, r, z) can be seen as odd functions of r [11], we follow [7] to introduce the following transformation 13) then system (2.9) is reduced into
14) The incompressibility condition (2.11) is invariant .
Proof of Theorem 1.1. By directly computations, we can obtain two family of explicit blowup solutions from (1.7) and (1.8).
